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Introduction 
THE number of  obverse or reverse dies used in a coinage is, of  course, the sum of  those 
which have been recorded from  surviving coins and those which are as yet unrecorded. 
Estimating the latter by statistical methods can never be an exact science. If  the surviving 
sample of  the coinage is unbiased, a first  approximation is that the proportion of  the total 
coinage attributable to unrecorded obverse (or reverse) dies is the same as the proportion 
of  the total sample that consists of  coins which are the sole representatives of  their 
particular dies. But normally we are more interested in the number of  unrecorded dies 
than their relative output. Here a better clue is given by the relationship between the 
numbers of  coins recorded from  'singleton' and 'doubleton' dies - namely, those dies 
known respectively from  exactly one and exactly two recorded specimens. 

Let us consider the admittedly unlikely event that all the dies used in the coinage were 
equally represented in the coin 'population' from  which the surviving coins happen to be a 
statistically average sample of  reasonable size. As will be shown below, theory suggests 
that in this case the ratio of  unrecorded dies to singletons ought to be much the same as the 
recorded ratio of  coins from  singletons to coins from  doubletons. So if  among the surviving 
coins there were twice as many coins from  singletons as from  doubletons (in which case 
there would be four  times as many singleton dies as doubleton'dies), it could be assumed 
that there were twice as many unrecorded dies as singletons. 

In practice it is not as easy as this. Two different  sources of  departure from  such an 
idealised situation must be recognised. The first  is the unavoidable variation that occurs 
between different  random samples. It cannot be assumed that a particular sample is an 
average sample, nor is it possible to tell how far  its composition may deviate from  the 
average. Because of  this, a single estimate of  the number of  unrecorded dies, based on the 
composition of  our sample of  surviving coins, may be very misleading. Instead, upper and 
lower limits, known statistically as 'confidence  limits', need to be calculated, within which 
it can be said that the true figure  lies with a stated degree of  probability such as 95 per cent. 
It should not then be assumed that the true answer lies in any particular part of  the range 
defined  by these limits unless there is some other evidence (for  example, mint records) 
which can be taken into account. Unfortunately,  however, unless the number of  coins 
examined is at least twice the number of  dies recorded, the confidence  limits will be so far 
apart as to yield little reliable information. 

The second source of  departure lies in the multitude of  factors  which, in practice, 
prevent every die from  having had an equal chance of  being represented in the surviving 
sample. Unequal die-output, incomplete mixing, distortion by unrepresentative hoards, 
distortion by withdrawal from  circulation - these are among the hazards that beset the 
die-estimator. The main purpose of  this paper is to illustrate the effect  of  such hazards and 
to discuss some ways of  counteracting them. Inevitably some theoretical concepts arc 
introduced and developed, but the conclusions are essentially practical. 
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The  theoretical  'coverage'  of  a sample 
In 1953, in a biological context, I. J. Good demonstrated that, if  a random sample of  N 
individuals is taken from  a large population containing an unknown number of  species in 
unknown quantities, the proportion p{)  of  the population which is statistically 'expected' to • 
consist of  species not represented in the sample is approximately S\/N  where ^ is the 
number of  species represented in the sample once only. More generally, the proportion pr 
of  the population which is 'expected' to consist of  the sr species each represented in the 
sample by exactly r specimens is approximately (r+ 1) sr+\/N,  wher e sr+1 is the number of 
species each represented by exactly r+1 specimens.1 It follows  that an estimate of  what 
Warren W. Esty has described as the 'coverage' of  a sample,2 in other words the 
proportion of  the population which is made up of  the species represented in the sample, is 

c c s l = 1 - po = 1 - S]/N. 

This estimator of  Good's was first  introduced to numismatics in 1970, with species replaced 
by dies.3 

The larger the numbers involved the better the approximation for  a population 
proportion is likely to be, because the variability of  the composition of  actual samples from 
the 'expected' or average composition will be less. Esty has developed Good's analysis to 
produce a robust formula  for  the 95 per cent confidence  limits of  c, in other words the 
range within which, with 95 per cent probability, the true value of  c will lie if  the sample is 
random.4 

Now it is obvious that, if  c denotes the coverage of  the sample, (1 — c) represents its 
'lack of  coverage' - in other words the proportion of  the population made up of  species not 
present in the sample. We can therefore  use Esty's confidence  limits for  c to obtain the 
corresponding limits for  (1 — c). In a numismatic context this gives us a method of 
calculating limits for  the proportion of  a coinage which was struck from  dies so far 
unrecorded; but it is of  limited use unless we can somehow derive from  it an indication of 
how numerous those dies are. 

Good's paper itself  is not particularly concerned with the lack of  coverage of  a sample; 
instead, much of  it is taken up with a mathematical exposition of  methods of  smoothing the 
actual values ofsi,  52 etc. so they can be used to produce better estimates of  the population 
proportions of  the various species actually represented. To the extent that such smoothing 
might also lead to better estimates of  the lack of  coverage, the methodology could have 
numismatic applications, but it involves putting forward  some hypothesis about the way in 
which the various species are distributed in the population. In any case the treatment is too 
mathematical for  discussion here. 

Simulating  the repeated  sampling of  a coinage 
In numismatic applications of  the basic theory we equate dies with species, but we can 
seldom say that the material we are examining is a truly random sample of  the total 
relevant coinage. It may be contaminated by runs of  die-duplicates which found  their way 
into a hoard; distorted by better recording of  coins from  rare mints than common ones; or 
biased by hoards which, if  taken early in the coinage, lack late coins or, if  assembled at the 

1 I.J. Good, 'The population frequencies  of  species and 
the estimation of  population parameters', Biomelrika  40 
(1953), 237- 64. 

2 Warren W. Esty, 'Estimation of  the size of  a coinage: a 
survey and comparison of  methods', NC  1986, 185-215. This 

is a fundamental  review of  the subject, but very condensed. 
-1 Stewart Lyon. 'Analysis of  the Material', in H.R. 

Mossop, The  Lincoln  Mint  c.890-1279  (Newcastle-upon-
Tyne, 1970) at pp. 16 and 19. 

4 Esty. p. 208. See p. 6 below. 
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end of  the coinage, underrepresent early coins compared with late ones. It may be that 
methods similar to those developed by Good could be used to adjust the observed die 
frequencies  in the surviving material from  a particular coinage to correct for  a suspected 
form  of  distortion or bias, but it is beyond the scope of  this paper to explore them. On the 
other hand it is important to negate the effect  of  obvious runs of  die-duplicates, for  if  we 
include them in our calculations we shall increase the probability of  underestimating the 
significance  of  unknown dies. 

Even so, two things must be remembered. First, as has already been pointed out, we 
cannot tell how closely the actual sample on which we must base our estimates resembles 
the average for  random samples of  the same size from  the same population. Secondly, the 
coverage approach leads to an estimate of  the unrepresented proportion of  the sampled 
coinage and not the number of  unrecorded dies, unless it can be assumed that all the dies 
were equally represented in that population. Some years ago I thought it would be worth 
examining the magnitude of  the errors of  estimation that can be introduced by assuming 
that the sample has a statistically average composition when it does not, and that all the 
dies used were equally represented in the population when they were not. A colleague, Mr 
Alan Martin, used a computer to simulate the random drawing of  100 different  samples of 
a particular size from  a large population of  such a coinage struck from  exactly 100 obverse 
(or reverse) dies. The simulation was repeated for  other sizes of  sample and for  different 
assumptions about the distribution of  dies in the population."1 

Nine of  the experiments are summarised here. Samples of  50, 100 and 200 coins were 
drawn from  three different  populations:-

* Population (A) contained 20,000 coins from  each die. 

* Population (B) contained an average of  20,000 coins per die, the individual representation being distributed 
Normally with a standard deviation of  6,000. This means that about half  the dies would each have been 
represented in the population by between 16.000 and 24,000 coins, and no more than five  of  the hundred 
dies would have been represented by fewer  than 8,000 or more than 32,000 coins. 

* Population (C) consisted of  the survivors of  an equal output of  20,000 coins per die, where those survivors 
amounted to 20,000/1.025"'""' coins in the case of  the rth  die of  the series of  100 dies. This corresponds to 
severe erosion by progressive withdrawal from  circulation, for  Population (C) includes only 1,735 coins 
from  the first  die to be used and 5,818 from  the fiftieth,  but has the full  20,000 which were struck from  the 
hundredth die. 

The ranges of  die-frequencies  in the 100 samples of  each experiment are given in table 1. 
It can be shown that the averages and standard deviations for  the three experiments 
involving Population (A) agree closely enough with those expected on the basis of  the 
'Poisson' distribution, which is the relevant theoretical model in that case. The exper-
iments involving Population (B) give very similar results, showing that a statistically 
'Normal' variation in die-output needs to have a fairly  extreme standard deviation to have 
any marked effect  on the frequency  distribution. However, the heavily eroded Population 
(C) produces more elongated distributions and, on average, markedly fewer  dies for  the 
same size of  sample. A similar effect,  but with larger figures  at some high frequencies, 
would be observed in a sample of  a population containing a heavy concentration of  coins 
struck from  a very few  of  the dies used. 

? Esty. tabic 1 and appendix 5, analyses the results of 
applying various estimation formulae  to a wider series of 
simulated samples. 
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Looking first  at the total number of  dies found  in a sample (the line designated 'All' 
[die-frequencies]),  it will be seen that the width of  the range varies little from  population to 
population for  a given size of  sample. This is not surprising, for  the range is merely a 
reflection  of  the variability associated with random sampling. However, the figures  for  the 
limits of  the range diminish as we move from  Population (A) to Population (C). The 
explanation lies in the overrepresentation of  late dies and the underrepresentation of  early 
ones in Population (C). There are more unrecorded dies in this case, but they constitute a 
relatively smaller proportion of  the eroded population from  which the samples were 
drawn. That is not much comfort,  for  we really want to use whatever sample we have as a 
means of  estimating the number of  unrecorded dies, not their significance  in terms of 
relative volume in an eroded population. 

Some estimation formulae  and  their effectiveness 
Earlier in this paper (and now changing the notation to make it more suited to dies and 
coins) it was indicated on the basis of  Good's work that the expected proportion p 0 of  the 
sampled population which consisted of  unrepresented dies would be approximately dJN, 
where N  is the number of  coins in the sample and d{  is the number of  singleton dies. It will 
be seen from  each of  the experiments summarised in table 1 how widely the value of  d\ can 
vary between similar samples, so caution must obviously be exercised in drawing 
conclusions about the unrepresented proportion of  the population, let alone the results 
obtained by equating that estimated proportion to the missing proportion of  dies used. 

If  we again denote the estimated coverage of  the sample (in other words the proportion 
of  the sampled coinage which consists of  coins from  the dies represented in the sample) by 
cei ', we have 

cest = 1 - p0 = 1 - di/N. 

When, unusually, it is reasonable to assume that coins from  each unrepresented die were 
on average as numerous in the sampled population as coins from  each represented die, we 
can say that 

jyst  = d/ces, 

where Dest is the total number of  dies estimated to be present in the population and d  is the 
number represented in the sample for  all frequencies.  Substituting (1 - dJN)  for  ccs'  gives 

DesI  = d/(  1 - di/N) 

which can also be expressed as 

Des'  = d  + dx  .d/(N  - dx)  Formula (1) 

where the second term d{  .d/(N  — dx)  is, of  course, an estimate of  the unrecorded dies do, 
since D = d  + d0. 

It will be obvious that if  N,  the size of  the sample, is inflated  by the presence of  blocks of 
die-duplicates, this estimate of  d0  will be depressed and D will tend to be underestimated. 
We can expect a similar effect  if  we suspect that coins from  each unrepresented die were on 
average considerably less numerous in the sampled population than coins from  each 
represented die (either because we have reason to believe there was far  from  equal output 
from  each die used, or because it is obvious from  a die-study that identifiable  sub-groups of 
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the coinage are substantially under- or over-represented in the sample). The consequence 
of  such a situation is likely to be a higher ratio of  non-singletons to singletons, and it will be 
apparent from  Formula (1) that this will also depress the estimate of  d{).  There is therefore 
much to be said for  finding  an estimator that does not incorporate the value of  N  but is 
based only on the numbers of  dies that are represented in small quantities, given that we 
want to estimate the number represented by the smallest quantity of  all, namely zero. 

One way of  doing this is to go back to Good's generalised statement. Redefined  in terms 
of  dies and number of  coins in the sample, this says that in a random sample of  size N  taken 
at random from  a coinage struck from  D obverse (or reverse) dies, the proportion pr of  the 
coinage which is 'expected' to be made up of  coins struck from  dies represented exactly r 
times in the sample is approximately 

Pr = (r+1)  dr+]/N 

where dr+\  is the number of  dies represented by exactly r+1 specimens. 

It follows  that 

Po ~ d\/N  (as we have seen before) 
and pi ~ 2d2/N 
and p2 ~ 3d3/N. 
Thus pi + p2 = (2d2  + 3d3)/N 

and therefore,  by division, 

pjp\ ~ dJ2d2  — (i) 
and p{)l{pi  + p2) ^ dd(2d2  + 3d3)  (ii) 

Now if  d\  is small relative to d  we may think it not unreasonable to assume that coins from 
each unrepresented die were on average present in the sampled population in similar 
numbers to the coins from  each die represented, in case (i), by no more than two 
specimens, or in case (ii) by no more than three specimens. If  so, we arrive at the following 
further  approximations:-

djdx  « dJ2d2  (i*) 

(which is the comparison of  ratios mentioned in the introduction to this paper) 

and do/(dx  + d2)  « dj{2d2  + 3d3)  (ii*) 

from  which, because D = d  + d(}  by definition,  two alternative estimating formulae  for  D 
can be deduced :-

D"'  = d  + dx  .d\/2d2  Formula (2) 

and Dest = d  + dx.  (rf,  + d2)/(2d2  + 3d3)  -— Formula (3) 

It is evident that a feature  common to Formulae (1), (2) and (3) is the provision of  a 
multiplier for  d\  to produce an estimate of  d().  This estimate, when added to the total 
known dies d,  results in an estimate of  D. All three formulae  are therefore  sensitive to the 
degree of  sampling error contained in the actual value of  d\. As has already been 
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remarked, the scope for  practical variation in cl\ is very wide. The samples in the nine 
experiments have therefore  been used to calculate estimates of  D from  each of  the three 
formulae  developed above. The ranges obtained are illustrated in table 2 by ranking the 
100 estimates from  each formula  in order of  magnitude and showing the values that emerge 
at particular points in the ranking order. Thus half  the estimates lie between rank 26 and 
rank 75, with the median estimate being at rank 50 (or 51). All but 10 per cent of  the 
estimates lie between rank 6 and rank 95. 

It can readily be seen that, even with an equal presence of  each die in the sampled 
population, single estimates of  the total number of  dies are likely to be very unreliable 
unless the size of  the sample is at least twice the number of  dies represented in it; that is to 
say, the confidence  limits of  such an estimate are very widely separated.6 With a population 
distorted by erosion or otherwise biased there is also the problem of  a bias towards 
underestimation; this is noticeably reduced (as can be clearly seen in the case of  a sample 
of  200) if  Formula (2) or Formula (3) is used instead of  Formula (1). Since Formula (3), 
although less powerful  than Formula (2) in compensating for  bias, demonstrates a 
confidence  interval not much wider than Formula (1), it is generally to be preferred. 

Esty's  approach to unequal die-representation 
Esty puts forward  a quite different  approach to the problem of  unequal die-representation 
in the population sampled. Instead of  eliminating N, he starts with the estimated coverage 
cest of  the sample, obtained by the formula 

ces< = (1  - di/N) 

(or a slight modification  of  it), and converts it into an estimate of  the total number of  dies 
D by assuming that the die-representation is distributed 'negative-binomially'.7 This gives 
the expression 

Desl = (die)  + N(  1 - c)/tc 

where c is an abbreviation for  cesl. Substituting for  c and rearranging the formula,  we 
obtain 

£>«= d  + di.  (d  + N/t)/(N  - dt)  Formula (4) 

where t is a constant chosen to describe the shape of  the distribution. Formula (4) provides 
yet another multiplier for  d\  to estimate dtt.  By comparing this formula  with Formula (1) it 
can be seen that the estimate of  d()  given by Formula (4) is equivalent to multiplying by a 
factor  (1 + N/td)  the corresponding estimate produced by Formula (1). 

It is obvious that the size of  this multiplier is critically dependent on the choice of  the 
shape constant t. Esty suggests that a useful  assumption in the absence of  other information 
is that t = 2, because this allows for  some dies being represented in the sampled population 
by relatively few  coins and some by several times the average number.8 As can be seen 
from  table 2, the use of  Formula (4) with this value of  t compensates well for  the erosion 
present in Population (C), but with the other two populations it produces a serious bias 
towards overestimating the total number of  dies used. This is because, where an 

6 See pp. 10-12 below. 
7 Esty, p. 209. 

s Esty. pp. 195-6. 
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assumption of  equal die representation in the population is not far  from  the truth, the 
constant t needs to be much larger than 2 so that the size of  the adjustment to Formula (1) 
is small. What is therefore  needed if  Esty's approach is to be of  practical application is 
some means of  using the evidence of  the sample, together with such other information 
about the coinage as may be available, to produce a reasonable assumption about t. At 
present this is lacking. 

Confidence  limits 
Where Formula (3) is appropriate, confidence  limits for  the total number of  dies D at 
approximately the 95 per cent level can be obtained by first  calculating 95 per cent 
confidence  limits (c"'"x,  c""")  for  the coverage of  the sample using an expression equivalent 
to that given by Esty,9 namely 

(•max  ^est j 

and } = (2/N)  \dx  + 2d2  - (dtf/tyf  Formula (5) 
ces, _ cmin j 

where c" ' = (1 — dJN).  The value obtained for  Dcsl using Formula (3) is then multiplied by 
ces'/cmax  and ces'/c'"'"  to give respectively the lower and upper confidence  limits for  D, which 
may be denoted by D"""  and D""'x.  These limits are only statistically valid if  the sample is 
random and is taken from  a coin population which, although it may have been 
contaminated by some large blocks of  die-duplicates, does not seriously under-represent 
significant  numbers of  the dies used in the coinage, for  example through the serious erosion 
of  early issues, the low presence of  late issues, the existence of  regional bias, or extreme 
variations in die-output. 

To illustrate the method, the appendix contains worked examples based on three sizes of 
samples of  Population (B) with, in each case, die frequencies  close to the average of  the 
100 simulated experiments. The theoretical confidence  limits derived from  each sample 
encompass more than 90 per cent of  the simulated estimates shown in the relevant column 
of  table 2 and are probably not far  from  encompassing 95 per cent of  them. The use of 
coverage confidence  limits to obtain confidence  limits for  the number of  dies is therefore 
seen to be justified  in the circumstances of  this case. 

A second set of  examples involves Population (C). It is obvious from  table 2 that 
confidence  limits based on an estimate of  D derived from  Formula (3) would be fallacious, 
because the validity conditions are not satisfied.  In this case we have reason to believe that 
Formula (4) with t = 2 would be more appropriate for  estimating D. However, the 
confidence  limits obtained as described above encompass fewer  than 90 per cent of  the 
simulated estimates. These limits must be significantly  widened to cover 95 per cent, and a 
different  methodology is needed. 

Die-ratios 
The same sample of  a coinage will inevitably have to be used to estimate both the 
unrecorded reverse and the unrecorded obverse dies, so the two estimates will not be 
independent of  one another. It would therefore  seem appropriate to calculate maximum 
and minimum values for  the ratio of  obverse to reverse dies used in the coinage by dividing 
the upper confidence  limit for  the total number of  obverse dies by the upper confidence 

" Esty. p. 208. 
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limit for  the total number of  reverse dies, and similarly the lower confidence  limits. It 
would not be consistent with the lack of  independence to divide the upper confidence  limit 
for  obverse dies by the lower confidence  limit for  reverse dies, or vice versa. However, no 
theoretical or experimental investigation of  the subject has been attempted. 

Conclusion 
The uncertainties involved in statistical die-estimation are such that it must be used with 
discretion by the numismatist. He must first  understand the material he is handling, and try 
to gauge in what respects it is or may be a biased representation of  the total coinage. The 
greater the perceived bias, the less he can afford  to rely on the results of  a mechanistic 
estimation. And he must never forget  the variability caused by the very process of 
sampling. 

Four examples of  estimation formulae  for  the total number of  dies have been discussed:-

Formula (1): D"' = d  + d{  ,d/(N  - d,) 
Formula (2): D"'  = d  + dx  .dJ2d, 
Formula (3): D"' = d  + c/,. (<:/,  + d,)/(2d,  + 3c/,) 
Formula (4): D'" = d  + dt.  (d  + N/i)/(N  - dt) 

where 

Desl is a central estimate of  the total number of  obverse (or reverse) dies used in the coinage; 
d  is the total number of  obverse (or reverse) dies recorded; 
N  is the total number of  coins included in the die-analysis; 
d\ is the number of  dies from  which only one specimen is recorded; 
d2  is the number of  dies from  which exactly two specimens are recorded; 
d3  is the number of  dies from  which exactly three specimens are recorded; 
t is an arbitrary constant, whose suggested value is 2. 

Formula (1) is satisfactory  where there is reason to believe that every die had a roughly 
equal chance of  being included in the surviving sample. Formulae (2) and (3) are better 
where, although the sample may be contaminated by the obvious over-representation of 
some of  the dies, there is no evidence that identifiable  parts of  the coinage are seriously 
under-represented. Formula (4) tries to compensate for  wide variations in die-
representation in the sampled population by adopting Esty's assumption that the dies 
would have had a 'negative-binomial' distribution; this has the effect  of  multiplying by a 
factor  (1 + N/td)  the central estimate of  the number of  unrecorded dies obtained from 
Formula (f).  My own view is that, unless there is clear evidence that the sample has been 
taken from  a coin population which is seriously unrepresentative of  the totality of  the issue 
for  reasons other than the inclusion of  blocks of  die-duplicates, it is preferable  to avoid the 
use of  a subjective correction such as Esty's. Formulae (2) and (3) are based on an 
alternative approach of  eliminating /V, the sample size, from  the estimation formula.  The 
presence of  N  in the denominator of  Formula (1) depresses the estimate of  unrecorded dies 
if,  for  example, the sample includes runs of  die-duplicates from  hoards. Formulae (2) and 
(3) base the central estimate on the numbers of  dies represented in small quantities in the 
sample, taking no account of  dies that are heavily represented. Because it makes use of 
more of  the data and therefore  narrows the confidence  limits, Formula (3) is more efficient 
than Formula (2). 

Where Formula (3) is considered suitable, confidence  limits at approximately the 95 per 
cent level can be calculated as described in a previous section of  the paper and exemplified 
in the appendix. However, the confidence  will be misplaced if  there are unrecorded dies 
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which were also unrepresented - or virtually so - in the population from  which the 
surviving sample has come down to us. No estimation formula  can hope to detect such dies. 

Finally, limits of  estimates of  die-ratios should be based on ratios of  obverse and reverse 
upper confidence  limits and lower confidence  limits respectively, and not by taking ratios 
of  the upper limit of  one and the lower limit of  the other. 

TABLE 1 
Variations in die-frequencies  found  in nine experiments, each of  100 simulated random samples of  one of  three 
populations (A), (B) and (C) 

No.  of  specimens 
per die 

Range of  frequencies  (and  average frequency) 
Population  (A)  Population  (B)  Population  (C) 

Sample  size 50 
1 
2 
3 
4 
5 
6 

21-42 (30.9) 
3-12 ( 7.3) 
0 - 4 ( 1.3) 
0 - 2 ( 0.2) 

19-42 (29.9) 
2-14 ( 7.5) 
0- 4 ( 1.4) 
0 - 2 ( 0.2) 
0- 1 ( 0.0) 

14-35 (25.7) 
3-15 ( 7.8) 
0- 5 ( 
0- 3 ( 
0- 1 ( 0.1) 
0- 1 ( 0.1) 

2.1) 
0.4) 

All 34-46 (39.6) 
(S.D.  2.5) 

34-46 (39.0) 
(S.D.  2.4) 

30-42 (36.2) 
(S.D.  2.5) 

Sample  size 100 
1 
2 
3 
4 
5 
6 
7 
8 

26-49 (37.6) 
7-25 (17.6) 
1-13 ( 
0- 4 ( 
0 - 2 ( 
0- 1 ( 0.1) 
0- 1 ( 0.0) 

6.6) 
1.3) 
0.3) 

24-49 (35.8) 
9-27 (17.8) 
3-12 ( 6.6). 
0- 5 ( 1.6) 
0- 2 ( 0.4) 
0- 1 ( 0.1) 

19-42 (29.9) 
8-22 (14.5) 
2-12 ( 6.8) 
0- 8 ( 3.0) 
0- 3 ( 1.0) 
0- 2 ( 0.3) 
0 - 2 ( 0.1) 
0- 1 ( 0.1) 

All 56-71 (63.6) 
(S.D.  3.2) 

56-70 (62.2) 
(S.D.  2.9) 

48-63 (55.8) 
(S.D.  3.2) 

Sample  size 200 
1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
1 1 
12 

All 

13-38 (27.3) 
17-38 (27.1) 
11-26 (18.3) 
2-17 ( 9.2) 
0- 8 ( 3.6) 
0- 3 ( 1.0) 
0- 2 ( 0.3) 
0- 1 ( 0.1) 
0- 1 ( 0.0) 

76-93 (86.9) 
(S.D.  2.9) 

11-34 (26.9) 
16-39 (24.8) 
9-26 (17.4) 
3-19 ( 9.3) 
0- 9 ( 4.2) 
0- 7 ( 1.3) 
0- 3 ( 0.5) 
0 - 2 ( 0.2) 
0- 1 ( 0.0) 

( - ) 
0- 1 ( 0.0) 

77-90 (84.6) 
(S.D.  2.9) 

16-35 (25.2) 
10-30 (18.1) 
5-22 (12.1) 
3-15 ( 8.4) 
1- 9 ( 5.3) 
0- 7 ( 
0- 5 ( 
0- 4 ( 0.9) 
0- 3 ( 0.4) 
0- 2 ( 0.2) 

0- 1 ( 0.0) 
0- 1 ( 0.0) 

2.9) 
1.6) 

67-82 (75.2) 
(S.D.  3.3) 

Note  S.D.  is the standard deviation of  the samples. 
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TABLE 2 
Ranked estimates of  the total number of  dies (true number = 100) obtained by applying four  estimation 
formulae  to each of  the 100 simulated random samples in each of  the nine experiments. (1 = highest estimate, 
100 = lowest, 50 = median, 26 and 75 = quartiles, etc.) 

Ranking  of  sample Estimated  total  number of  dies used 
result  for  given Population  (A) Population  (B) Population  (C) 
formula F(l) F(2) F(3) F(4) F(l) F(2) F(3) F(4) F(l) F(2) F(3) F(4) 

Sample  size 50 
1 288 284 288 419 288 365 288 419 140 210 138 198 
6 179 233 173 258 165 204 178 237 118 149 124 166 

11 154 180 154 218 140 164 145 198 103 128 105 143 
26 125 135 124 178 114 125 119 158 88 102 91 123 
50 105 103 104 146 97 98 95 135 74 75 75 99 
75 86 85 84 118 80 84 79 110 63 65 64 84 
90 75 74 75 102 72 74 73 97 57 57 56 75 
95 69 71 70 92 69 65 69 92 53 53 53 69 

100 59 56 56 77 55 47 54 70 43 38 42 53 

Average 111 117 111 156 104 113 105 144 78 87 79 106 
Std. dev. 38 47 37 56 35 54 36 52 20 32 21 29 

Sample  size 100 
1 139 170 139 187 137 179 139 185 107 172 122 143 
6 128 147 132 173 117 134 117 153 102 118 108 135 

11 121 136 125 161 112 121 109 147 92 111 103 119 
26 112 120 114 147 103 107 104 135 85 98 88 109 
50 102 103 101 131 97 97 97 125 79 87 83 100 
75 92 91 91 118 90 91 91 114 74 77 76 92 
90 88 85 87 112 84 83 85 106 69 73 70 86 
95 86 81 83 107 82 79 83 102 65 68 66 80 

100 77 74 74 95 74 70 71 89 60 60 63 72 

Average 103 107 103 134 98 101 98 126 80 90 84 102 
Std. dev. 14 21 15 21 11 18 12 16 10 18 13 15 

Sample  size 200 
1 115 124 118 138 107 118 112 128 98 125 108 119 
6 109 114 109 129 105 112 106 124 95 108 103 112 

11 108 112 108 127 103 110 105 122 93 105 100 110 
26 104 105 105 121 101 106 103 119 89 99 94 105 
50 101 101 100 116 99 101 99 115 86 93 90 101 
75 98 97 98 112 94 95 95 109 83 88 87 96 
90 94 94 94 108 92 91 92 104 80 84 83 92 
95 93 90 92 103 90 89 89 101 78 82 81 89 

100 81 79 81 88 84 81 82 89 74 74 76 83 

Average 101 102 101 117 98 101 99 113 86 94 91 101 
Std. dev. 5 7 6 8 5 8 6 7 5 9 6 7 

APPENDIX 

Worked  Examples of  Confidence  Limits 

Example 1 

Approximate average values of  du  d2  and d  in each of  the experiments in table 1 involving Population (B) are 
used here to obtain, from  Formula (5), 95 per cent confidence  limits for  the coverage of  a sample which 
discloses those values. A central estimate D™  for  the total number of  dies used (the true value of  which is, of 
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course, 100) is obtained from  Formula (3), and the coverage confidence  limits are applied to it to see whether 
valid confidence  limits D""'

x
 and D"""  can be obtained in this way:-

Item
 Sample  50  Sample  100  Sample  200 

1. Confidence  limits  for  the  sample's  coverage  (c:) 

(i) 

d, 
30 36 27 

(ii) d, 8 18 25 
(iii) =  (1 -  dJN) .400 .640 .865 
(iv) 2/N .040 .020 .010 
(v) di  +  2  d2 46 72 77 

(vi) Ul.)
2

 IN 18.00 12.96 3.64 
(vii) |(v) - (vi)]* 5.29 7.68 8.57 

(viii) (iv) X (vii) .212 .154 .086 
(ix) mini max _ 

(iii) - / + (viii) .188, .612 .486, .794 .779, .95 

2. Conversion  to  confidence limits  for  total  dies  (D) 

(x) d 39 62 85 
(xi) 

d, 
1 7 17 

(xii) d\.  (rf, +  d2y 
(2 d,  + 3 </,) 60 34 14 

(xiii) Desl = (x) + (xii) 99 96 99 
(xiv) D"",x'""'"  = (xiii) 

x (iii)/(ix) 211. 65 126, 77 110. 90 

In the conversion, line (xii) derives an estimate of dt]  from  Formula (3). This is added to the known dies d  to 
give the central estimate D

esl
 and hence - in line (xiv) - values of D""'

x
 and D""". 

Comparison of  line (xiv) with the F(3) column for  Population (B) in table 2 shows that, for  each size of 
sample, the values of D""'

x
 and D"""  cover well over 90 per cent of  the experimental results - i . e . they are 

respectively above and below rankings 6 and 95 in that column. This suggests that Esty's formula  for  the 95 per 
cent confidence  limits of  the coverage of  a sample can also be used to determine approximate 95 per cent 
confidence  limits for  the number of  dies used in the coinage if  the sample is such that it is reasonable to apply 
Formula (3) to it. 

Example  2 

This differs  from  Example 1 in that Population (C) replaces Population (B), and Formula (4) replaces Formula 
(3):-

Item  Sample  50  Sample  100  Sample  200 

1. Confidence  limits  for  the  sample's  coverage  (c) 

(i) 26 30 25 
(ii) d, 8 14 7 

(iii) c
es
'  =  (I -  di/N)  .480 .700 .875 

(iv) 2 IN  .040 .020 .010 
(v) f/,  + 2 d, 42 • 58 39 

(vi) (dt)
2
/N  13.52 9.00 3.12 

(vii) [(v) - (vi)]" 5.34 7.00 5.99 
(viii) (iv) x (vii) .214 .140 .060 
(ix) c

mhllmax  = 

(iii) - / + (viii) .266, .694 .560, .840 .815, .935 
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Conversion to confidence  limits for  total dies (D) 

(X) d 36 56 75 
(xi) di  ,d/(N  - </,) 39.00 24.00 10.71 

(xii) (xi) x (1 + N/2d) 66 45 25 
(xiii) D" ' = (x) + (xii) 102 101 100 
(xiv) jynaxtmm = (xjjj) 

x (iii)/(ix) 184, 71 126, 84 107, 94 

In the conversion, line (xi) derives an estimate of  da  from  Formula (1) and line (xii) modifies  it by applying the 
Esty adjustment factor  with t = 2, to produce an estimate of  do corresponding to Formula (4). This is added to 
the known dies cl to give the central estimate D"'  and hence - in line (xiv) - values of  D""'x  and D'"'". 

However, comparison of  line (xiv) with the F(4) column for  Population (C) in Table 2 shows that only in the 
case of  a sample size of  50 do the values of  D""'x  and D"""  cover as much as 90 per cent of  the experimental 
results - i.e. the relevant range between rankings 6 and 95 in that column. This means that Esty's formula  for 
the 95 per cent confidence  limits of  the coverage of  a sample cannot be used to determine 95 per cent 
confidence  limits for  the number of  dies used in the coinage if  the sample is such that Formula (4) has to be 
applied to it. 
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